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ON SHIMURA, SHINTANI AND
EICHLER-ZAGIER CORRESPONDENCES

M. MANICKAM AND B. RAMAKRISHNAN

ABSTRACT. In this paper, we set up Shimura and Shintani correspondences
between Jacobi forms and modular forms of integral weight for arbitrary level
and character, and generalize the Eichler-Zagier isomorphism between Jacobi
forms and modular forms of half-integral weight to higher levels. Using this to-
gether with the known results, we get a strong multiplicity 1 theorem in certain
cases for both Jacobi cusp newforms and half-integral weight cusp newforms.
As a consequence, we get, among other results, the explicit Waldspurger the-
orem.

1. INTRODUCTION

The famous work of Atkin and Lehner [I] partitions the space Sar(IN) of cusp
forms of weight 2k, level NV into eigensubspaces with respect to the Hecke operators
T(n), (n,N) = 1. In each eigensubspace there exists a normalized Hecke eigen-
form g(2) of weight 2k and level N/ (N’ is a positive divisor of N), such that the
eigensubspace is generated by all the forms g(dz), where d varies over all positive
divisors of N/N’. The direct sum of the eigensubspaces when N’ = N is known as
the space of newforms of weight 2k, level N, denoted by SZ¢*(N). This theory is
known as the theory of newforms of integral weight.

Starting with the remarkable work of Shimura [I5], the theory of modular forms
of half-integral weight is well developed with an analogous Hecke theory. The space
Si+1/2(Fo(4N)) of cusp forms of weight k& +1/2 for the group I'g(4V) is connected
with the space Sa;(2N) via the Shimura and Shintani correspondences, commuting
with the action of Hecke operators. Through the results of Waldspurger [22], [23],
the square of the Fourier coeflicient of a Hecke eigenform of half-integral weight
is proportional to the special value of the twisted L-function associated with the
corresponding (via the Shimura correspondence) Hecke eigenform of integral weight
at the center of the critical strip. It is therefore natural to set up a parallel theory
of newforms for the space Sjy1/2(I'0(4N)), which is compatible with the theory
of newforms of integral weight. In turn we get the explicit Waldspurger result
[6, Bl [TT]. Several attempts have been made to set up the theory of newforms;
however, there is no complete theory available as in the case of modular forms of
integral weight.
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Another development, noted from the earlier work of Jacobi [3] and arising nat-
urally from Siegel modular forms, is the theory of Jacobi forms. Hecke theory and
the theory of newforms have been completely studied in the space Jj ,, of Jacobi
forms of weight k and index m for the full Jacobi modular group I'/. The analogues
of the Shimura and Shintani correspondences between Jj, ,, and S5, _,(m), a spe-
cial subspace of Sai_o(m), are known. In order to complete the Saito—Kurokawa
correspondence, Eichler and Zagier [2] established a perfect isomorphism between
Jacobi forms and modular forms of half-integral weight in the simplest case when
m = 1.

Our goal in the present paper is three-fold. First (section 3), we set up Shimura
and Shintani correspondences between the spaces J;. "7 (M, x) (the space of Jacobi
cusp forms of weight &, index m and level M with character x) and Sag_2 (mM , XQ).
To do so, we connect Poincaré series of Jacobi forms and certain holomorphic
kernel function of the periods of integral weight cusp forms under the Shimura
correspondence. Second (section 4), we extend the Eichler-Zagier perfect isomor-
phism [2, Theorem 5.4], denoted by Z;, into a linear map Z,, commuting with
the action of Hecke operators and which maps J;.>F (M, x) into a special subspace
Sit1/o(mM, x) (see section 4, (d39), for the deﬁmtlon) of Si_1/2 (To(4mM), x). By
proving that the (n, r)-th Fourier coefficient of a Jacobi newform in J;/""P" " (M, x)
depends only on the discriminant 72 —4mn but not on r modulo 2m, we obtain that
the restriction of Z,, on newforms is a perfect isomorphism from J;""P" (M, x)
onto S} 7{72” (mM, x), where m is relatively prime to the conductor of x (refer to
the equation (22)) in section 5.1 for the definitions). Now, invoking the known re-
sults [7, 12| [18, [19] [20, 21], we have the “strong multiplicity one” theorem for (i)
Jacobi cusp newforms of index m and square-free level with real character, and
(ii) the newforms in the special space S} 7{72” (mM, x), where m is arbitrary, M is
square-free, and y is real. As a consequence (section 5.2), the Waldspurger result
is derived for Jacobi cusp newforms. Third (section 5.3), we decompose the space
of oldforms both in J;"{""(M) and in the space Si* | ,(m), compatible with Z,,
Further, in section 5.2, we obtain the exact eigenvalues for the W-operators on the
space Sk 1/2 (To(4mM)) for the primes p dividing mM.

We feel that the methods used in this paper can also be used to get similar
results in the case of skew-holomorphic Jacobi forms. For details in the simplest
case (for example, the results of section 3), we refer to the thesis of the first author
[10).

2. PRELIMINARIES

Let k,m,M,N € N, and let 7,w € H (complex upper half-plane), z € C. We
denote by Sk(N, ), the space of cusp forms of weight k and level N with character
; by S, (N) the subspace of Si(IN) consisting of forms f satisfying f‘WN =
(—=1)k/2+1 f where Wy is the Atkin-Lehner involution; by Sit1/2 (To(4N),41), the
space of cusp forms of weight k+1/2, for the group I'g(4N) with character 1, in the
sense of Shimura, where 1, = (41&(._1)) )5 by Sk+1/2 (To(4N), 1), the subspace of
Si+1/2 (To(4N), 1), defined by Kohnen, consisting of forms f whose n-th Fourier
coefficient vanishes if ¢(—1)(=1)*n is not a square modulo 4; by J',"P(N, ), the
space of Jacobi cusp forms of weight k, index m, level NV with character 1. The n-th
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Fourier coefficient of a modular form f is denoted as a(f;n) and the (’"ZZRD ,7)-th
Fourier coefficient of a Jacobi form ¢ is denoted as a(¢; D, ).

The Hecke operators in Sy_q /5 (I'o(4N), 91) (resp. 5;71/2 (To(4N), 1), N odd)
are denoted by T(p?), pt 2N, and U(p?),p|2N (resp. T(p*), pt2N, T*(4) and
U(p?), p|N). The Hecke operators in T (N, 1) are denoted by T;(p), pf mN and
Uj(p),p|N. Note that the Hecke operator U;(d) has already been defined in [T3].

We denote by ( -, ), the Petersson inner product in the spaces of modular forms
of both integral and half-integral weights and the space of Jacobi forms. Throughout
the paper, p denotes a prime. For z € C and ¢ € R, we put e.(z) = e?miz/c By
d|n, we always mean a positive divisor d of n. For a fundamental discriminant Dy,
(&) denotes the generalized quadratic residue symbol. iy denotes the index of
the congruence subgroup I'g(N) in SLy(Z). For an integer D, D = [ (mod m)
means that D is a square modulo m. For general reference we refer the reader to
1, 2, 5]

3. CORRESPONDENCE BETWEEN JACOBI CUSP FORMS
AND CUSP FORMS OF INTEGRAL WEIGHT

Let x be a primitive Dirichlet character modulo M;, where M;|M, and let
e = x(—1). In [8], W. Kohnen constructed a holomorphic kernel function of the
Shimura lift and obtained the adjoint Shintani lift for the spaces S /2 (To(4M))
and Sop_o(M) (M odd). Following this, similar lifts were obtained for the spaces
Tl and Sy, (m) in [3] and for the spaces Ji'" (M, x) and Sop—o (mM,x?) (M
is odd) in [14]. We also remark here that Kohnen’s work [8] has been generalized for
the spaces Si_1/2 (I'o(4N),v) and S (ZN, wQ) (with some restrictions on the
even part of the conductor of ¢ (modulo 4N)) in [11]. In this section, we present a
modified way to get these lifts between Ji* P (M, x) and Sax—2 (mM, x?). The re-
sults of this section are straightforward applications of the known results [3], [8] [14],
and so we omit the proofs.

We need two basic cusp forms in the respective spaces, which we describe below.

Poincaré series. For a negative discriminant D and an integer » modulo 2m with
D = r? (mod 4m), we have the (D,r)-th Poincaré series P(p .y in Ji'w" (M, x)
uniquely determined by

(1) <¢)a P(D,r)> = Qg m,DA (¢7 D, T) )

mk—QF(kj — 3/2) |D|_k+3/2,

(2) Qk,m,D = onk—3/2

and ¢ € J P (M, x).

The other cusp form which we need for our purpose is the holomorphic kernel
function of the periods of cusp forms in Sa;_o (mM, XQ). Let Dy be a negative
fundamental discriminant, and let o (mod 2m) be an integer such that Dy =
r3 (mod 4m).



2604 M. MANICKAM AND B. RAMAKRISHNAN

The holomorphic kernel function of the periods of cusp forms. This is the
function fy sy 012 DD, —roriay, Do |K € Sok—a (mM, x?*), where

fk,mM,X,MfDOD,froer,Do (w) = ZX(C)XDO (Q)Q(w, 1)7“1 € Sop—2 (va YQ)'
Q

Here the summation varies over all binary quadratic forms Q = [a, b, ¢] such that
b? — dac = M?DoD, a = 0 (mod mMDM;) and b = —rorM; (mod 2m), xp,(Q)
is the generalized genus character defined in [3] and K is the operator defined by

f(r) = K () = f(-7).
We define
(3)  Si_o(mM,x?) = {f € Sap—o(mM,x) : f|Wp =e(=1)*""x(m)f}.

Note that S5, _,(m) = S5._,(m).

Proposition 3.1. Let (m, M) = 1. Then the function fk,mM,X,MfDOD,—mer,Do
belongs to the space Sﬂ_Q(mM, Yz).

A characterization of the function fy ..rr\ v2pD,—roras,, o 1S glven in the fol-
lowing proposition.

Proposition 3.2. Let f € So,_o(mM,x?) and let
(4)

’rk,mM,X,MfDOD,froer,Do(f) = ZX(C)XDO (Q) (w) Q(—w,1)*? duw,
Q

ch

where the sum varies over all quadratic forms @ = [a,b,c] modulo To(mM) such
that b* — 4dac = MDD, b = —rorM; (mod 2m) and a = 0 (mod mM M), and
where Cq is the image in To(mM)\'H of the semicircle a|w|*+bu+c = 0 (w = u+iv)
with appropriate orientation (see [3,[14] for details). Then

o 2k —4\ _
(5) Zm1]\47T< ) )2 2k+4(M12D0D) k+3/2rk,mM,X,M12DOD,froer,DO (f)

<fa fk7mM,X,M12DOD,—7"OTM1,Do ‘K>

Corollary 3.3. Let D = r? (mod 4m) be a negative fundamental discriminant
such that (D,mM) = 1. Assume that (M1, m) = 1. Let R(x, D) be the following
Gauss type sum:

R(x,D) = (DM;)~'/? Z x(a)(22)enr, p|(a).
a(M1|DJ)

Then, for a normalized Hecke eigenform f belonging to the space Syp"s" (mM, x?)
(= S5 _o(mM, x?) N S5, (mM, x?)), we have

Tk,mM,x,MlzDz,—rle,D(f)

okl
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The Shimura and Shintani lifts. For a negative fundamental discriminant Dy

and an integer ro modulo 2m with Dy = r2 (mod 4m), we define the Shimura map

Spo,roon Jy P (M, x) as follows:

_ n2 n
@ oo =% | X @ a6z 00 Gn) | e
n>1 d|n
- (d,Mg)=1

where My = M /M.

To prove the mapping property of the Shimura lift Sp, . and to obtain its adjoint
Shintani lift 87, ., we express the image of the Poincaré series in terms of the
kernel function of the periods of cusp forms of integral weight in the following main
theorem of this section.

Theorem 3.4.

(8)

(=i)F 2273 (M, | Do) 3/2T (k — 3/2) R(x, Do)

P, Spy ro (W) =
(D,T)‘ Do, 0( ) ﬂkfl/Q(Qkk:;)

‘ Z lu’(t)X(t)(%)tk_ka,mM/t,x,MlzDoD,—roer,DO‘K(tw)'
t| Mo

Note. Since all Poincaré series Pp ), 0 > D = r? (mod 4m), r (mod 2m) gen-

erate J;'"F(M, ), it follows from Theorem B.4 that Sp, r,maps J;''F(M,x) to
Sok—2(mM, x?). One can directly verify that the map Sp,.,,commutes with the
action of the Hecke operators.

For a negative fundamental discriminant Dy and an integer ry modulo 2m with
Dy = 72 (mod 4m), we define the Shintani lift Shy .1+ the adjoint of Spg r,with
respect to the Petersson scalar product, as follows.

For f € So_o(mM,x?),

(9)
x -1 r?—D
f‘SDO’TO (T’ Z) = Z ak,m7D<f’ P(DW)‘SDO,T0>6 T+rz|,

4m
0>D,rez

D=r2 (mod 4m)

where ag m,p is the constant defined in (). In other words, we have

<f‘SBO,rOa P(D,r)> = <f7 P(D,r)|SD0,ro>~
From the properties of Sp,r,, we conclude that S}, . maps Sax—2 (mM7 XQ) to
Jw"P(M, x), and it is the adjoint of Sp,,,with respect to the Petersson inner

product. Further, it can be easily verified that this commutes with the action
of the Hecke operators. Note that the definition of S}, , is made using (&) and

Theorem B4l Using (), we have the explicit Fourier coefficients of f| S, . in the
following (see [3, 14])
(10)

@ (18D D7) = (=i/2m)* 2 i My ROx, Do)

—/ 4\ ( Do\ s—k
X Z p(t)x(t)(5e)t +17”k,th,X,Mf DoD#2—ror iy . Do )
t‘Mz
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We summarize the above discussion in the following theorem.

Theorem 3.5. Sp, r,maps Ji' P (M, X) to So—2 (mM, x?), and 8Dy .ry 18 the ad-

joint of Sp, r,with respect to the Petersson scalar product. Further, the mappings
commute with the action of Hecke operators.

Remark 3.1. When M = 1, the correspondence given in Theorem is actually
between the spaces J;»" and Sy, _, (m).

Remark 3.2. In view of Proposition[3.1], whenever (m, M;) = 1, the Shimura map
Spo,romaps J. P (M, x) to S5, (mM, x?).

k,m
4. A GENERALIZATION OF EICHLER-ZAGIER MAP

In this section, we define a map Z,, on J'"¥(M, x), which is a generalization
of the Eichler—Zagier map (see Remark below). Using this map as a main tool
(Theorem E3), we develop, in the subsequent sections, the theory of newforms in
the space of Jacobi forms from the already known theory of newforms in the space
of cusp forms of half-integral weight, and vice versa. The proofs of the results
presented in this section are straightforward calculations, so we omit them.
Definition. Let x1 = (4)x. We define the subspaces St (To(4mM), x1) and
S;’_’T/Q (To(4mM), x1) as follows:

(11)
SIZLI/Q (Lo(4mM), x1)

={f € Sp—1/2 (Co(4mM),x1) s a(f;n) =0 if e(-1)*"'nz O (modm)}
and, when mM is odd,
(12)

gHm (To(4mM), x1) = S;

k—1/2 k—1/2 (F0(4mM),X1)ﬂS£11/2 (F0(4’ITLM),X1)

= {f € Sfj—l/Q (To(dmM),x1) :a(f;n) =0 if e(=1)*In# O (mod 4m)}.
We also define the operator A,as

(13) Ay a(n)e(nt) — > a(n)e(nr).

n>1 n>1
e(—1)*"n= 0O (mod 4)

In fact, the operator A4is given explicitly in the following (the action is with respect
to the usual stroke operation):

A= [ater e+ g,

1
«

(e e=((s ey

k—1)

and a = (=1)["7 122, (See [1].)

Let us denote by P, the subspace in Sy_1/5 (T'o(4mM), x1) (if 2|mM) or in
S;:_l/Q (Do(4mM), x1) (if 24 mM ) generated by all Poincaré series Pp| (if 2[mM)
or PIJJSI (if 2 { mM), where D varies over all discriminants such that e(—1)¥=1D > 0,
(D,m)=1,and D= 0O (mod 4m). Then we have the following proposition.

where
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Proposition 4.1. Aymaps Sy_1/2 (Do(4mM), x1) into Si_1/2 (Fo(16mM), x1),
and it is injective on Pp,. In other words, the Poincaré series Pp|, D = r?

(mod 4m), is uniquely determined by its m-th Fourier coefficients whenever
e(—=1)*n= 0O (mod 4).

We need the following remark at the end of this section for the extension of the
map Z,,.

Remark 4.1. Note that for a positive integer d, P|D||B(d2) is also determined
uniquely by its n-th Fourier coefficients, where ¢(—1)*"1n = O (mod 4); here
B(d) (d € N) is the operator defined on formal Fourier series as follows:

B(d) : Za(n)e(nz) — Z a(n)e(ndz).
n>1 n>1
The map Z,,. Define the map Z,, on J;', "Y' (M, x) as follows.
Let (M, m) = 1. Then for ¢ € J;'"P(M, ),

(14) O Zn(r) = > a(¢;D,r) | e(|D[r).

D<0 r  (mod 2m)
D=r2 (mod 4m)

Remark 4.2. When mM = 1, Z; is nothing but the map defined by Eichler and
Zagier in [2], which is a canonical map from J;* onto 52_—1/2 (To(4)) (in fact, it
acts on noncusp forms also). When m = 1 and 2 { M, Z; is the map defined in
[13] in connection with the Saito-Kurokawa descent. The present map Z,,, which
generalizes the previous maps, is introduced to study the correspondence between
el (M, x) and Si_1/2 (To(4mM), x1), to the extent possible, in general. N.-P.

Skoruppa [L7] also obtained a similar generalization.

Lemma 4.2. Let k be even, let x be an even character and let f € Py,. If 24 mM,
then a(f;|D'|) = 0 whenever D' # O (mod 4m); if 2lmM, then a(f;|D']) = 0
whenever D' 2 O (mod 4m) and D’ = 0O (mod 4).

In view of the assumptions of the above lemma, from now on we assume that k
is even and € = 1.

Denote by P;(m) the subspace of Ji/'"F(M, x) generated by all Poincaré series
P(p,r), where D varies over all negative discriminants such that (D,m) = 1 and
D =7r? (mod 4m).

The main theorem of this section is the following.

Theorem 4.3. The linear map Z,, maps Pj(m) onto Pp, |A4.

In view of Proposition 1] we redefine the map 2, on P;(m) as follows:

7z _ Zm if 24 mM,
T 2w At if 2imM.

Using Theorem B3, we have established the following.

(15)

Theorem 4.4. Z,, maps Pj(m) onto Py,.

We now state a generalized form of [I8] Lemma 3.1], whose proof uses the same
techniques.
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Proposition 4.5. Let 0 # ¢ € J.\'P(M, x) be such that a(¢; D,r) = 0 for all
0> D =7? (mod 4m) with (D,m) = 1. Then

¢ € Z J]zjl;:jl;d2 (Mv X) ‘udv
d>1
d2|m
where uq s the operator which maps the function ¢(7,z) € Jpm (M, x) to the func-
tion ¢(7,dz) € Ji maz(M,X).
The following proposition is a consequence of Proposition

Proposition 4.6.

(16) Tl (M, x) = Py(m) & > Jih (M, x)|ua,
E1m

(17) Tl (M, x) = Ps(m) (m square-free).

Lemma 4.7. Let ¢ € Ji'"FP(M, x) such that ¢ & Py(m). Then

(18) | ua| Zm = 6| Zm a2 | B(d?).

Note that the mapping property of Z,,, is obtained only on P;(m). We extend
the mapping property to J, "7 (M, x) by using i) induction on the square part of
m, ii) the commutative property (I8), and iii) Remark [.1]

Definition. Define the space SZLUQ(mM, x) as follows:

m Sity 2 To(dmM), x) if 2lmM,
(19) Sk71/2(mMa X) = { ,S’;'_’T/Q (To(dmM),x) if2{mM.

We summarize the above results in the following theorem.

Theorem 4.8. The linear map Z,,, maps Jy'»0 (M, x) to SZZI/Q(mM, x) and com-
mutes with the action of Hecke operators.

5. NEWFORMS AND WALDSPURGER'S RESULT
Throughout this section we assume that (m, M) = 1.

5.1. Newforms. Let S¢®,(mM, x?) be the space of newforms in Soi_o (mM, X2)~

Let f1, fo, -, f, denote the orthogonal basis of normalized Hecke eigenforms in

mew, (mM, x?). Define for each i, 1 < i < v, the following eigensubspaces:

(20)
Tt (M £) = {6 € JEP(MLX) ¢ 6|Tu(p) = alfiip)épfmM
(21)
Sy (mM,x; f;) = {g €Sy, p(mM,x) : g|T(p?) = a(fi;p)g,meM} 7

We define the space of newforms in Ji""F(M, x) and in S} , ,(mM, x) as follows:
Tl (M, x) = @) Jeal ™ (M, x; f3),
i=1

(22) V
S35 (M) = P 0 D S5 (M, 6 1)
i=1
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As usual we define the space of oldforms to be the orthogonal complement (with
respect to Petersson product) of the space of newforms in the respective spaces.

(Refer to equations (B7), (@) and (B2).)
sm,new

Proposition 5.1. Z,,, maps J.'>0"“" (M, x) onto ko1 /2 (mM,x) and preserves
the corresponding eigenspaces.

Proof. Let ¢ € J.'"P"““(M, x) be a Hecke eigenform. Using the commutative
relation

(23) T5(p)Zm =ZnT(p*)  ptmM,
we have qb‘Zm € SZL_l/Q(mM, X), and it is a Hecke eigenform having the same
eigenvalues as that of ¢. So, by definition, ¢|Z,, € S?_?j;’ (mM, ) . O

For a Jacobi cusp form (resp. an integral or half-integral weight cusp form) ¢,
we write ¢ = @™ @ ¢°!¢, where ¢"? (resp. ¢°!?) belongs to the space of newforms
(resp. oldforms).

Theorem 5.2. Z,, is injective on J; """ (M, x). In particular, Pisey = PS5,

whenever r = 1’ (mod 2m).

Proof. Let ¢ € Ji' P (M, x) be in the kernel V of Z,,. Suppose that ¢ # 0.
In view of ([23), we assume that ¢ is a Hecke eigenform. Then there exists a
fundamental discriminant D < 0, (D,mM) = 1 and D = 72 (mod 4m), such

that a(¢; D,r) # 0. This implies that P("D“fj)v # 0. (Here, we have put Pisyy =

€
PrseY @ P’ where JUPMCY (M, x) = V @ VL) Let Vi € S5 (mM, x2)
be the image of V' under all Shimura lifts Sp/ ,». Now our assumption shows that

P(’Sffj)v}SD,r £ 0.

This together with Theorem B4l imply that

new,Vy
fk,mM,X,MfDQ,fTQMl,D 70,
which in turn implies that
new, Vi
fk,mM,X,MfD2,D 7 0.

(Refer to [11] for the definition of the function.) This implies that Plrslw’kal/z #0,
where P|pj is the | D|-th Poincaré series which belongs to Py, and Vj,_y /5 is the image
of V under Z,,. On the other hand, using the relation (whose proof is direct)

Shr L =S8h when restricted onto newforms,
we get
1) 0= Bt 2 = (P8, ) |2 = B = Bl
This contradiction proves our claim. [l

As a consequence of the above theorem, we have the following.

Corollary 5.3. Let ¢ € J.'"P"™(M,x) be a non-zero form. Then the Fourier
coefficient a(¢p; D, 1) of ¢ depends only on the discriminant D and not on r modulo
2m, where D = r? (mod 4m).
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Remark 5.1. If ¢ € J.' P (M, x), then in view of the above corollary, its Fourier
coefficient is denoted by a(¢; D) instead of a(¢; D, r).

We now state the refinement of Z,, on newforms as follows.

Theorem 5.4. The map Z,,, defined by

(25)
r>—D
> algDre THrz)— > a(@:D)e(Dlr),
0>D,reZ 0>D€eZ
D=r? (mod 4m) D= 0O (mod 4m)

is a canonical isomorphism between Ji P (M, x) and SZL_’qj;“(mM, X), which
commutes with the action of Hecke operators. It also preserves the Hilbert space

structure.

Corollary 5.5. The strong “multiplicity 1” theorem is valid on S;nf{%”(mM, X),
where M is square-free and x is real.

Proof. If M = 1, then the result follows using the above theorem and the Skoruppa-
Zagier theorem [I8, Theorem 5]. Let M > 1 be square-free. For a form f which

m,new

belongs to sk71/2 (mM, x) and for a prime p, p?|mM, we have

_1)k-1
(26) TRy(r) = 7 (L= )a(fsm)e(nr) = f,
n>1
so that any Hecke eigenform f in this space is an eigenform under the twisting
operator R, with eigenvalue 1. Hence, by the results of Ueda [20), 21], we have the
required strong multiplicity one theorem. [l

Corollary 5.6. If M is square-free and x is real, then we have the strong “multi-
plicity 17 theorem on J, =P (M, x).

k,m

Proof. Use Corollary B8l in the above theorem. O

Remark 5.2. In the above two cases, the decomposition of oldforms compatible via
Z,, will be discussed in sections 5.3 and 5.4 with some restrictions.

5.2. Waldspurger’s Result. Let f be one of the basis elements (which belongs
to S5, (mM , XQ)) described in section 5.1 such that the corresponding eigenspace
J 0o (M, x; f) is nonempty. Let 0 > D be a fundamental discriminant, and let

r (mod 2m) be such that D = r? (mod 4m). Then Sp, maps J, =P (M, x; f)

onto Cf. If {¢p1, 2, -+, Ps} constitutes an orthogonal basis of He]glg eigenforms of
J/i,u;fbp’new (Mv X3 f)v we have

(27) ¢i|Spr=a(¢s;D) f, 1<i<s.

Consider

a(6i; D)bi|Sp,r = |a (¢ D) [ .

ie.,
— > i;D 2
(28) Qom0 P(Dr)|SDr = ; %

Using Theorem B4 and the equations (B) and (@) in (Z8]), we get the following.

f on Cf.
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Theorem 5.7 (Waldspurger result). Let f and the ¢;’s be as above. Then, for a
negative fundamental discriminant D = O(mod 4m) and (D, mM) = 1, we have

Zla ¢0:D)° _ _(k=2DJ¥2 L(fx(2).k-1)

¢Z; z Lnﬂl22k73wk71nqki2 <f7f>

Remark 5.3. The above equation (29) is also valid for skew-holomorphic Jacobi
newforms (refer to [L0] for the simplest case).

(29)

5.3. Decomposition of Jacobi forms. In this section, using the theory of new-
forms developed for the space S, , /2 (To(4mM)) when mM is odd and square-free,
we obtain the same for the space J' """ (M) via the map Z,,,. We also decom-
pose the space of oldforms J;. 7 ’Old(M ), which is compatible with the corresponding
decomposition of oldforms in S,j T/Q (To(4mM)).

First we recall the W-operators defined in 5;71/2 (To(4mM)). For pjmM, let

W(p)=<<4,ﬁ40 2) 1/2(4mMCZ+p)1/2>

where a,b,c € Z are such that b = 1 (mod p) and p?a — 4mMbc = p, be the
W-operator defined on S} | /2 (To(4mM)). Then the analogous Atkin-Lehner W-

operator w), is defined as follows:
wy = p~ AU ()W (p).

Proposition 5.8. Let plmM and let f € S} 172 Lo(d4mM)) be an eigenform un-
der w,. Then

Flwn = (=52 ) £,
where ng > 0 is an integer such that ptng and a(f;no) # 0.
Proof. The following can be easily verified (see [7]):

Flup(r) = 3 (S5 )alfsm)e(nr)

n>1

) e (5 1) ) o

Now f‘wp = A, f is equivalent to
(31)

e (5 1)) o= (3w (5 1)) o

where we have used the fact that

k—1/2
W(p)? = (*74) on S;, (r0(4mM), (5))
Using this in (30), we see that f |wp = A\pf is equivalent to

(32) o Y alfime(nr) = 37 (S5 a(fin)e(nr).

n>1 n>1
pin

(30)

Since there exists an integer ng > 0 with p t ng such that a(f;ng) # 0, we get the
required result from the above equation. O
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A characterization of S,:T/Q (To(4mM)) is given in the following.

Lemma 5.9. i) For p|m, the W-operator w, acts as the identity operator on
S (To(4mM)).

k—1/2
ii) For D = r? (mod 4m), D < 0 and (D,m) = 1, the Poincaré series PIJISI in
Slj—1/2 (To(4mM)) belongs to 51:_—7“11/2 (To(4mM)).

Proof. Let p divide m and let f belong to S,:Z’T/Q (T'o(4dmM)). By the definition of

the space S;_’T/Q (To(4mM)), we have a(f;n) = 0 whenever —n Z O (mod 4m).
ie, a(f;n) # 0 whenever —n = [ (mod 4p) for all p|m. Now i) follows from
Proposition[:8 The proof of ii) is contained in the proof of Theorem 3] O

Let S:f{%’ (To(4mM)) be the subspace generated by newforms as carried out

by W. Kohnen [[7]. Define

(33)  SFTRC (To(dmM)) = S5, (To(4mM)) N S75% (To(4mM)).

The following lemma follows from a similar result obtained in S +new (To(4mM)).

k—1/2
Lemma 5.10. i) The space S,:T/’gew (To(4mM)) is generated by all Poincaré
series P‘E‘, where D wvaries over all negative discriminants such that D = r?

(mod 4m) and (D, m) = 1.

ii) The space S;_’T/’gew (To(4mM)) has a basis of eigenforms with respect to the
Hecke operators T(p?), pt mM, or U(p?), plmM. Further, these are eigenforms
with respect to the W -operators wy,, plmM.

In order to study the theory of newforms in J,:fjflp (M), we state the following
modified decomposition of S;‘_’T/Q (To(4mM)), which differs (with respect to the old
class decomposition) from the decomposition obtained by Kohnen. Before doing
that we need the following operators. Set

Ly = I (Identity),
(34) L, = w, for p|m,

Ly = L,L; for s,tjm with (s,t) = 1.
Put

By =YL,
(35) t|¢
Big= BeU(d?) for £|m, d| M.

Using induction on the number of prime factors of m, we have the following.

Theorem 5.11.

(36)

Sy To(4mM)) = S0 (Do (dmM)) & S, (To(4mM)),
where
(37) SO To@mM) = @ S (Do(4mr/0)| Bea.

£lmsr,d|M
(€,m)#(1,M)
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Now we define the corresponding operators in the case of Jacobi forms as follows.
The W-operator on J, P (M) is defined by

Lz ([ i

(38) w,— P xulp) / /
v 1 a+coM/p v+b/p .
P A,;%(p) (< Me P LA ] if p|M,

where in the above a,b, ¢ € Z are such that pa — beM/p = 1.
The operator V; from J;' P (M) into Ji' (M), is defined by

(39)

2 _
d)‘Vg(T,z) = Z Z d"ta (d); %, 2) e <T4m€DT + rz> .

=2 G amey \ (T m:0)
A direct verification shows that for ¢|m and d|M
(40) Vg UJ(d) = UJ(d) Vz on Jg?ﬁp(M)
We now define the space of oldforms as
(41) Teml M) =y T () Ve Us(d)
£)mird| M
(£,7)(1,M)

and let Ji' """ (M) be the orthogonal complement of Jgﬁp’OZd(M) in Jp 0P (M)
with respect to the Petersson scalar product.

Lemma 5.12. Let ¢ € J."P(M). Then, for plm and also for p|M, the operators
wy preserve J. P (M). For p|M, wy, does not depend on the representatives a,b, c.
Further, these operators are Hermitian involutions and preserve Ji/'"P" " (M). Fi-

nally, the action of w, for plm is given by

12 /
-D
(42) Plwy(T,2) = Za (¢;D,r)e (TTT + r'z) :
where the sum runs over all D' < 0 such that D = 2 (mod 4m), D = D’ = ¢/*
(mod 4m), D' = r? — An'm and r,7’ € Z are such that v' = r (mod 2m/p) and
r’ = —r (mod 2p).

Proof. We prove only that wf) = I for p|M. The rest of the lemma follows from
standard arguments.
Let

(43) Tt : Jeamd (M) — TP (M /p)

k,m k,m

be the trace operator adjoint to the inclusion map under the Petersson scalar prod-
uct. Then we have

(44) Tr%/p—I—Z«Ml/p hM/};+1>,[O,O]),

h(p)
where I = ((§9),[0,0]). Let ¢ € J.'"P(M/p). Then

(45) 9| (Tr%p - I) =p o
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Also, for ¢ € J ¥ (M),

(6) 0l (wTrify, —wn) = 0" 0wyl (T3, — 1) = p 0|Us @),
Consider
k=11 2 M _ .
Pl (T, = 1) = p 6w, Us(p)  (using @)
=p"¢.
The last step follows from the Fourier expansion of w, on Ji'"P(M/p) (see Lemma
B.14] below), which is given by

(47)

(48)
_ D r r2—D
6lwp = Z <(%)a<¢;D,r>+pk ' <¢;E,2—)>) e< = T+m>.
D=r2 (mod 4m)
Thus,
(49) P (olwd — o) | (Trit), — 1) =0,

which implies that

olwy =¢ on JP(M/p).
Thus, using the definition of .J;/'F (M), we have established that w? acts as the
identity on J;j;ip’dd(M). This completes the proof. O
Proposition 5.13. Let p divide m. Then wy, is the identity on J.'"P" (M).
Proof. This follows from Corollary B.3land (@2). O

We now state a lemma whose proof is simple, and hence we omit the details.
Note that when m = 1, this has already been stated in [I3] Proposition 6 (i)].

Lemma 5.14. Let p|M. Then, we have the following:
Us(p) + P wy « TP (M) — JEWP (M /p),

_ Ty(p) on J.'°P(M/p),
Us(p) +p* 'w, —{ 0 on J%;slp,new(M),

Note that from the definition of J,jfjip’Old(M), it is clear that Ty(p), ptmM,

1d
preserves JwP?“(M) and hence preserves

we have the’following theorem.

(50)

qusp,new

P, (M). Summarizing the results,

Theorem 5.15. The space Ji'"P"““(M) has an orthogonal basis of eigenforms
with respect to all the Hecke operators Tj(p), pt mM, Uj;(p), p|M, and the W-
operators wy, plmM.

Definition. We call a Jacobi form ¢ € J."P"““(M) a Jacobi newform, or for
short, newform, if ¢ is one of the basis elements of Theorem

Using the commutative property
(51) VeUs(d)Z = ZpyeBea  (Llm,d|M)

on J;j;i’;l (r) with rd|M and (¢,7) # (1, M), together with Theorem [5.4] we get the
following theorem.
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Theorem 5.16. The strong “multiplicity 17 theorem is valid on J.' 7" (M). We
have the decomposition

(52) T (M) = JZPm (M) @ Jit e (r)| Ve U (d).
(£,m)7#(1, M)

Remark 5.4. When mM is even and square-free, we have a similar decomposition
as in Theorem B T8 The only changes here are:

i) Replace S;r_’T/Q (To(4mM)) by Si*; /5 (To(4mM)).

ii) If 2|m, the operator Ly defined in (B4) is to be replaced by
_1)k1, _
(53) flLa(r) =3 ((S52)alfim) + 25 Ya(fin/4) ) e(nr).

n>1
Remark 5.5. A natural question seems to be the following.
(54)  Is it true that Lo =W (4) on S;_;/,5(lo(2mM))  (2/mM)?
Here W (4) is the W-operator defined in [12].

Remark 5.6. If the answer to the above question is in the affirmative, then the
eigenvalues of W (4) are explicitly given by

((—1)’“71%0)
5 .

More precisely, if f belongs to Sy_1/2(I'0(2mM)) (2/mM ), and is a Hecke eigenform
and an eigenform with respect to W(4), then

(55) W) = () g,

where ng is the order of f at ico. This fact is needed to derive the explicit Walds-
purger result in [11, Theorem 4].

5.4. Decomposition of S} | /Q(m). Let us first consider the following decompo-
sition given by Skoruppa and Zagier in [18].

cusp __ jcusp,new cusp,new
(56) o = Jem ld? Jismea> ‘“dw'
£d2>1

Our aim is to carry out a similar decomposition in S} ; /2 (m) , which is compatible
via the map Zp,. For this we need certain operators on S , ,,(m). For p|m, define
the operator L, on functions f € S} ,(m) as follows:

(57)
L,: Z a(f;n)e(nr) — Z (a(f;n) +Pk_1a(f;n/272)) e(n7).

n>1 n>1

—n= 0O (mod 4m)
For a general square-free divisor ¢ of m, we extend the L operator by
(58) Ly =[] L
plt
Put

(59) B, = Z Ly (¢ is a square-free divisor of m).
tle



26

16 M. MANICKAM AND B. RAMAKRISHNAN

Finally, we define
(60) By.a = ByB(d?).

(61)

The following commutative relations are true on the space of Jacobi newforms:
ULy = zm/dzB(dQ)v
Vel = ZppeLy.

Now using the above operators and (56]), we have

Theorem 5.17.

(62) Sy o (m) = S5 (m) @ S, (m),
where
m,o £d?,
(63) skéll/d2(m) =@ 521/1/2 " (m/td®)|By.a.
2 m
%2‘#1
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